The structure of low-energy collective states in proton-deficient N = 28 isotones is analyzed using structure models based on the relativistic energy density functional DD-PC1. The relativistic Hartree-Bogoliubov model for triaxial nuclei is used to calculate binding energy maps in the β -γ plane. The evolution of neutron and proton single-particle levels with quadrupole deformation, and the occurrence of gaps around the Fermi surface, provide a simple microscopic interpretation of the onset of deformation and shape coexistence. Starting from self-consistent constrained energy surfaces calculated with the functional DD-PC1, a collective Hamiltonian for quadrupole vibrations and rotations is employed in the analysis of excitation spectra and transition rates of 46 Ar, 44 S, and 42 Si. The results are compared to available data, and previous studies based either on the meanfield approach or large-scale shell-model calculations. The present study is particularly focused on 44 S, for which data have recently been reported that indicate pronounced shape coexistence.
I. INTRODUCTION
sity functional (EDF). When extended to also take into account collective correlations, this framework provides a detailed microscopic description of structure phenomena associated with shell evolution. Compared to the SM, the strong points of the mean-field approach are the use of global functionals, the treatment of arbitrarily heavy systems, model spaces that include all occupied states (no distinction between core and valence nucleons, no need for effective charges) and the intuitive picture of intrinsic shapes.
A quantitative description of shell evolution, and in particular the treatment of shape coexistence phenomena, necessitates the inclusion of many-body correlations beyond the mean-field approximation. The starting point is usually a constrained Hartree-Fock plus BCS (HFBCS), or Hartree-Fock-Bogoliubov (HFB) calculation of the binding energy surface with the mass quadrupole components as constrained quantities. In most studies calculations have been restricted to axially symmetric, parity conserving configurations. The erosion of spherical shell-closures in nuclei far from stability leads to deformed intrinsic states and, in some cases, mean-field potential energy surfaces with almost degenerate prolate and oblate minima. In order to describe nuclei with soft potential energy surfaces and/or small energy differences between coexisting minima, it is necessary to explicitly consider correlation effects beyond the mean-field level. The rotational energy correction, i.e. the energy gained by the restoration of rotational symmetry, is proportional to the quadrupole deformation of the intrinsic state and can reach several MeV for a well deformed configuration. Fluctuations of quadrupole deformation also contribute to the correlation energy. Both types of correlations can be included simultaneously by mixing angular momentum projected states corresponding to different quadrupole moments. The most effective approach for configuration mixing calculations is the generator coordinate method (GCM), with multipole moments used as coordinates that generate the intrinsic wave functions.
In recent years several accurate and efficient models, based on microscopic energy density functionals, have been developed that perform restoration of symmetries broken by the static nuclear mean field, and take into account quadrupole fluctuations. However, while GCM configuration mixing of axially symmetric states has routinely been employed in structure studies, the application of this method to triaxial shapes presents a much more involved and technically difficult problem. Only the most recent advances in parallel computing and modeling have enabled the implementation of microscopic models, based on triaxial symmetry-breaking intrinsic states that are projected on particle number and angular mo-mentum, and finally mixed by the generator coordinate method [30] [31] [32] [33] .
In an approximation to the full GCM for five-dimensional quadrupole dynamics, a collective Hamiltonian can be formulated that restores rotational symmetry and accounts for fluctuations around mean-field minima. The dynamics of the five-dimensional Hamiltonian for quadrupole vibrational and rotational degrees of freedom is governed by the seven functions of the intrinsic deformations β and γ : the collective potential, the three vibrational mass parameters, and three moments of inertia for rotations around the principal axes. These functions are determined by microscopic mean-field calculations using a universal nuclear EDF. Starting from self-consistent single-nucleon orbitals, the corresponding occupation probabilities and energies at each point on the constrained energy surfaces, the mass parameters and the moments of inertia are calculated as functions of the deformations β and γ. The diagonalization of the resulting Hamiltonian yields excitation energies and collective wave functions that can be used to calculate various observables, such as electromagnetic transition rates [34, 35] . In this work we employ a recent implementation of the collective Hamiltonian for quadrupole degrees of freedom in a study of shape coexistence and low-energy collective states in N = 28 isotones.
Both non-relativistic and relativistic energy density functionals have been used in SCMF studies of the erosion of the N = 28 spherical shell gap. One of the advantages of using relativistic functionals, particularly evident in the example of N = 28 isotones, is the natural inclusion of the nucleon spin degree of freedom, and the resulting nuclear spin-orbit potential which emerges automatically with the empirical strength in a covariant formulation. In the present analysis we use the new relativistic functional DD-PC1 [36] . Starting from microscopic nucleon self-energies in nuclear matter, and empirical global properties of the nuclear matter equation of state, the coupling parameters of DD-PC1 were fine-tuned to the experimental masses of a set of 64 deformed nuclei in the mass regions A ≈ 150 − 180 and
The functional has been further tested in calculations of medium-heavy and heavy nuclei, including binding energies, charge radii, deformation parameters, neutron skin thickness, and excitation energies of giant multipole resonances. The present calculation of N = 28 isotones, therefore, presents an extrapolation of DD-PC1 to a region of nuclei very different from the mass regions where the parameters of the functional were adjusted, and thus a test of the global applicability of DD-PC1.
Section II includes a short review of the theoretical framework: the relativistic Hartee-Bogoliubov model for triaxial nuclei, and the corresponding collective Hamiltonian for quadrupole degrees of freedom. The evolution of shapes in the N = 28 isotones is analyzed in Sec. III: the quadrupole constrained energy surfaces determined by DD-PC1, and the resulting low-energy collective spectra, in comparison to available data and previous SCMF and SM calculations. Section IV summarizes the results and ends with an outlook for future studies.
II. THEORETICAL FRAMEWORK
A. 3D relativistic Hartee-Bogoliubov model with a separable pairing interaction
The relativistic Hartee-Bogoliubov model [28, 29] provides a unified description of particle-hole (ph) and particle-particle (pp) correlations on a mean-field level by combining two average potentials: the self-consistent mean field that encloses long range ph correlations, and a pairing field∆ which sums up pp-correlations. In the present analysis the mean-field potential is determined by the relativistic density functional DD-PC1 [36] in the ph channel, and a new separable pairing interaction, recently introduced in Refs. [37, 38] , is used in the pp channel.
In the RHB framework the mean-field state is described by a generalized Slater determinant |Φ that represents the vacuum with respect to independent quasiparticles. The quasiparticle operators are defined by the unitary Bogoliubov transformation, and the corresponding Hartree-Bogoliubov wave functions U and V are determined by the solution of the RHB equation. In coordinate representation:
In the relativistic case the self-consistent mean-field corresponds to the single-nucleon Dirac Hamiltonianĥ D , m is the nucleon mass, and the chemical potential λ is determined by the particle number subsidiary condition such that the expectation value of the particle number operator in the ground state equals the number of nucleons. The pairing field ∆ reads
where V abcd (r, r ′ ) are the matrix elements of the two-body pairing interaction, and the indices a, b, c and d denote the quantum numbers that specify the Dirac indices of the spinor.
The column vectors denote the quasiparticle wave functions, and E k are the quasiparticle energies.
The single-particle density and the pairing tensor, constructed from the quasiparticle wave functions
are calculated in the no-sea approximation (denoted by k > 0): the summation runs over all quasiparticle states k with positive quasiparticle energies E k > 0, but omits states that originate from the Dirac sea. The latter are characterized by quasiparticle energies larger than the Dirac gap (≈ 1200 MeV).
In most applications of the RHB model the pairing part of the Gogny force [39] was used in the particle-particle (pp) channel. A basic advantage of the Gogny force is the finite range, which automatically guarantees a proper cut-off in momentum space. However, the resulting pairing field is non-local and the solution of the corresponding Dirac-HartreeBogoliubov integro-differential equations can be time-consuming, especially for nuclei with non-axial shapes. For that reason a separable form of the pairing interaction was recently introduced for RHB calculations in spherical and deformed nuclei [37, 38] . The interaction is separable in momentum space:
and, by assuming a simple Gaussian ansatz p(k) = e −a 2 k 2 , the two parameters G and a were adjusted to reproduce the density dependence of the gap at the Fermi surface in nuclear matter, calculated with a Gogny force. For the D1S parameterization of the Gogny force [39] , the corresponding parameters of the separable pairing interaction take the following values: G = −728 MeVfm 3 and a = 0.644 fm. When transformed from momentum to coordinate space, the force takes the form:
where R = (r 1 + r 2 ) and r = r 1 − r 2 denote the center-of-mass and the relative coordinates, and P (r) is the Fourier transform of p(k):
The pairing interaction is of finite range and, because of the presence of the factor δ (R − R ′ ), it preserves translational invariance. Even though δ (R − R ′ ) implies that this force is not completely separable in coordinate space, the corresponding pp matrix elements can be rep- 
where Ĥ is the total energy, and Q 2µ denotes the expectation value of the mass quadrupole operators:
q 2µ is the constrained value of the multipole moment, and C 2µ the corresponding stiffness constant [40] .
B. Collective Hamiltonian in Five Dimensions
The self-consistent solutions of the constrained triaxial RHB equations, i.e. the singlequasiparticle energies and wave functions for the entire energy surface as functions of the quadrupole deformation, provide the microscopic input for the parameters of a collective
Hamiltonian for vibrational and rotational degrees of freedom [34] . The five quadrupole collective coordinates are parameterized in terms of the two deformation parameters β and γ, and three Euler angles (φ, θ, ψ) ≡ Ω, which define the orientation of the intrinsic principal axes in the laboratory frame.
with the vibrational kinetic energy:
and rotational kinetic energy:
V coll is the collective potential.Ĵ k denotes the components of the angular momentum in the body-fixed frame of a nucleus, and the mass parameters B ββ , B βγ , B γγ , as well as the moments of inertia I k , depend on the quadrupole deformation variables β and γ:
Two additional quantities that appear in the expression for the vibrational energy: r = The moments of inertia are calculated from the Inglis-Belyaev formula:
where k denotes the axis of rotation, the summation runs over proton and neutron quasiparticle states |ij = β † i β † j |Φ , and |Φ represents the quasiparticle vacuum. The mass parameters associated with the two quadrupole collective coordinates q 0 = Q 20 and q 2 = Q 22 are calculated in the cranking approximation:
where
Finally, the potential V coll in the collective Hamiltonian Eq. (9) is obtained by subtracting the zero-point energy (ZPE) corrections from the total energy that corresponds to the solution of constrained RHB equations, at each point on the triaxial deformation plane [34] .
The Hamiltonian Eq. (9) describes quadrupole vibrations, rotations, and the coupling of these collective modes. The corresponding eigenvalue problem is solved using an expansion of eigenfunctions in terms of a complete set of basis functions that depend on the deformation variables β and γ, and the Euler angles φ, θ and ψ [34] . The diagonalization of the Hamiltonian yields the excitation energies and collective wave functions:
The angular part corresponds to linear combinations of Wigner functions
and the summation in Eq. (16) is over the allowed set of the K values:
Using the collective wave functions Eq. (16), various observables can be calculated and compared with experimental results. For instance, the quadrupole E2 reduced transition probability:
whereM(E2) is the electric quadrupole operator, local in the collective deformation variables.
III. EVOLUTION OF SHAPES IN THE N=28 ISOTONES A. Quadrupole binding energy maps
The 3D relativistic Hartree-Bogoliubov model, with the functional DD-PC1 in the particle-hole channel and a separable pairing force in the particle-particle channel, enables • ), calculated using the DD-PC1 energy density functional, plus the separable pairing force Eq. (5) in the particle-particle channel.
For each nucleus energies are normalized with respect to the binding energy of the absolute minimum. The contours join points on the surface with the same energy.
Starting from the spherical doubly-magic 48 Ca, we consider the even-even N = 28 isotones obtained by successive removals of proton pairs. The binding energy maps display a rich variety of rapidly evolving shapes, and clearly demonstrate the fragility of the N = 28 shell.
By removing a pair of protons from 48 Ca, the energy surface of the corresponding isotone 46 Ar becomes soft both in β and γ, with a shallow extended minimum along the oblate We note that similar binding energy surfaces were also obtained in recent studies [41, 42] based on the self-consistent Hartree-Fock-Bogoliubov (HFB) model, using the finite-range and density-dependent Gogny D1S interaction. On the mean-field level the only qualitative difference is found for 40 Mg. For this nucleus the present calculation predicts a saddle point on the oblate axis, whereas a secondary local oblate minimum is obtained in the HFB calculation with the Gogny force.
The variation of mean-field shapes in an isotopic, or isotonic, chain is governed by the evolution of the underlying shell structure of single-nucleon orbitals. The formation of deformed minima, in particular, can be related to the occurrence of gaps or regions of low single-particle level density around the Fermi surface. In Figs. 2 -5 we plot the neutron and proton single-particle energy levels in the canonical basis for 46 Ar, 44 S, 42 Si, and 40 Mg, respectively. Solid (black) curves correspond to levels with positive parity, and (red) dashed curves denote levels with negative parity. The dot-dashed (blue) curves correspond to the origin of the coexistence of deformed shapes in 44 S (cf. Fig. 1 ). In 42 Si both neutron and proton gaps are on the oblate axis resulting in the pronounced oblate minimum at |β| ≈ 0.35. Finally, the deep prolate minimum at β ≈ 0.35 in 40 Mg arises because of the neutron gap and, especially pronounced, proton gap on the prolate axis. We note that the largest neutron gap for this nucleus is still on the oblate side but, because the protons strongly favor the prolate configuration, it produces only a saddle point on the oblate axis, as shown in Fig. 1 .
The erosion of the spherical N = 28 shell is also shown in Table I more neutron-rich. N=28 is the first "magic" number produced by the spin-orbit part of the single-nucleon potential and, therefore, a relativistic mean-field model automatically reproduces the N=28 gap because it naturally includes the spin-orbit interaction and the correct isospin dependence of this term, as it was already shown in the axial RHB calculation of neutron-rich N=28 nuclei [22] . Experimentally, indirect evidence of the erosion of the gap has been obtained by following the evolution of excitation energies of the 2 + 1 state and the E2 transitions in N = 28 isotones and neighboring nuclei [3-5, 9, 13] . The experimental results can be reproduced by both mean-field [22, 24] and shell model [18] calculations. As shown in Table I 
B. Low-energy collective spectra
Starting from constrained self-consistent solutions of the RHB equations, that is, using single-quasiparticle energies and wave functions that correspond to each point on the energy surfaces shown in Fig. 1 , the parameters that determine the collective Hamiltonian: 
. We emphasize that this calculation is completely parameter-free, that is, by using the self-consistent solutions of the RHB single-nucleon equations, physical observables, such as transition probabilities and spectroscopic quadrupole moments, are calculated in the full configuration space and there is no need for effective charges. Using the bare value of the proton charge in the electric quadrupole operator, the transition probabilities between eigenstates of the collective Hamiltonian can directly be compared to data. Before considering the excitation spectra of individual nuclei and, in particular, shape coexistence in 44 S, in Fig. 9 we illustrate the evolution with proton number of characteristic collective observables: the excitation energy of the first 2 + state, the ratio E(4 [41] , but the calculation of the TV moments of inertia [45] has not yet been [46] . The predicted barrier between the prolate and oblate minima (cf. Fig. 1 ) could, in fact, be too low.
Another reason for the high excitation energy of 0 + 2 could be the approximation used in the calculation of mass parameters (vibrational inertial functions). In the current version of the model the mass parameters are determined by using the cranking approximation Eqs. (14) and (15) In Table II we compare the experimental excitation energies of the states 2 five-dimensional GCM(GOA) calculation with the Gogny D1S interaction [42] , the angularmomentum projected GCM calculation restricted to axial shapes (AMP GCM) with the Gogny D1S interaction [25] , and to shell-model calculations [13] . One might notice that all three models based on constrained self-consistent mean-field calculations of the binding energy maps (curves in the case of axially-symmetric AMP GCM), reproduce the data with similar accuracy. It is interesting that only the axially-symmetric calculation reproduces the very low excitation energy of the state 0 + 2 , whereas the result of the five-dimensional GCM(GOA) calculation, although it was also based on the Gogny D1S interaction, is even above the energy obtained with DD-PC1. Table II shows that the best overall agreement with data is obtained in the shell-model (SM) calculation of Ref. [13] , using the effective interaction SDPF-U [18] for 0 ω SM calculations in the sd − pf valence space, and with a particular choice of the proton and neutron effective charges. calculation with the Gogny D1S interaction [42] , the angular-momentum projected GCM calculation restricted to axial shapes (AMPGCM) with the Gogny D1S interaction [25] , and to shell-model calculations [13] .
Experiment This work GCM(GOA) [42] 
Based on the data included in Table II and on the SM calculation with the SDPF-U effective interaction, in Ref. [13] it was deduced that 44 S exhibits a shape coexistence between a prolate ground state (β ≈ 0.25) and a rather spherical 0 state. These SM results, therefore, indicate a prolate-spherical shape coexistence in 44 S [13] .
To analyze configuration mixing in the low-energy spectrum based on the functional DD-PC1, in Fig. 10 we plot the probability density distributions for the three lowest states of the ground-state band: 0 . For a given collective state Eq. (16), the probability density distribution in the (β, γ) plane is defined by:
with the normalization:
The probability distribution of the ground state 0 + 1 indicates a deformation |β| ≥ 0.3, extended in the γ direction from the prolate configuration at γ = 0 to the oblate configuration at γ = 60
• . The average deformation is ( β , γ ) = (0.32, 26
• ), and the γ-softness reflects the ground-state mixing of configurations based on the prolate and oblate minima of the potential (cf. Fig. 1 ). With the increase of angular momentum in the ground-state band, e.g. 2 The mixing between these states is probably one of the reasons for the high excitation energy of the second 0 + state, as predicted by the present calculation (cf. Fig. 7 ).
The probability distribution of the state 2 + 3 is concentrated on the prolate axis, and this state is connected by a strong transition to 0 The calculated second 2 + state displays a probability distribution extended in the γ-direction and peaked on the oblate axis. As shown in Fig. 7 and Finally, Fig. 8 shows the low-energy collective spectrum of 42 Si. Even though the excitation spectrum and transition pattern appear to be similar to that of 44 S, with the exception of a considerably weaker E2 transition 0 Fig. 7 ), the ground-state band of this nucleus is in fact based on the oblate minimum shown in the binding energy map of Fig. 9 , the present calculation does not reproduce the exceptionally low excitation energy of the state 2 + 1 : 770(19) keV [11] . It is interesting, however, that the calculated excitation energy of this state is very close to the SM prediction obtained using the SDPF-NR effective interaction [11] . Only by removing from the SDPF-NR a schematic pairing Hamiltonian in the pf shell, that is, by using the new effective interaction SDPF-U [18] , the 2 + excitation energies of the silicon isotopes can be brought in agreement with experiment.
IV. SUMMARY
Structure phenomena related to the evolution of single-nucleon levels and shells in neutron-rich nuclei present a very active area of experimental and theoretical research.
Among the microscopic models that can be used for a theoretical analysis of these phenomena, the framework of nuclear energy density functionals (EDFs) presently provides a complete and accurate description of ground-state properties and collective excitations across the entire chart of nuclides. In this work we have used the recently introduced relativistic EDF DD-PC1 [36] to study the erosion of the N = 28 spherical shell in neutron-rich nuclei and the related phenomenon of shape evolution and shape coexistence in the N = 28 isotones 46 Ar, 44 S, 42 Si, and 40 Mg. Pairing correlations have been taken into account by employing an interaction that is separable in momentum space, and is completely determined by two parameters adjusted to reproduce the empirical bell-shaped pairing gap in symmetric nuclear matter [38] .
The N=28 shell closure is the first neutron magic number produced by the spin-orbit part of the single-nucleon potential and, therefore, a relativistic mean-field model automatically reproduces the N=28 spherical gap because it naturally includes the spin-orbit interaction and the correct isospin dependence of this term, as it was shown more than ten years ago in the axial RHB calculation of neutron-rich N=28 nuclei [22] . In particular, in the RMF approach there is no need for a tensor interaction to reproduce the isospin dependence (quenching) of the spherical N=28 gap in neutron-rich nuclei, as also shown in the present work in Table I , compared to available data.
The functional DD-PC1 was adjusted exclusively to the experimental masses of a set of 64 deformed nuclei in the mass regions A ≈ 150 − 180 and A ≈ 230 − 250. The present study of the N = 28 isotones thus presents an extrapolation of DD-PC1 to a completely different region of the nuclide chart, and a further test of the universality of nuclear EDFs.
It is not at all obvious that such an extrapolation will produce results in agreement with experiment, especially in a detailed comparison with spectroscopic data. The fact that it does is remarkable, and justifies the approach to nuclear structure based on universal energy density functionals.
Starting from self-consistent binding energy maps in the β − γ plane, calculated in the The most obvious reason is that this is an intrinsic prediction of the functional DD-PC1. To check this one would have to perform calculations using different functionals [48] . However, since also the Gogny D1S + 5DCH model yields a similar result, the functional itself probably is not the main problem. A more probable reason is that the mass parameters calculated in the cranking approximation are simply too small, as discussed in Sec. III B.
Finally, the excited 0 + state could also have pronounced non-collective components that are not included in our model space (2-quasiparticle contributions). This is certainly a possibility, and it would partially explain why the calculated B(E2) to the first 2 + state is larger than the experimental value. The shell-model calculation of Ref. [13] predicts the excitation energy of 0 + 2 in better agreement with experiment, but the calculated B(E2) for the transition from the first 2 + state is more than a factor two larger than the experimental value (only about 50% larger in the present calculation). Therefore, it appears that the structure of the second 0 + state in 44 S remains an open problem.
This present analysis of low-energy spectra of N = 28 isotones has clearly demonstrated the advantages of using EDFs in the description of deformed nuclei: an intuitive mean-field interpretation in terms of coexisting intrinsic shapes and the evolution of single-particle states, spectroscopic calculations performed in the full model space of occupied states, and the universality of EDFs that enables their applications to nuclei in different mass regions, including short-lived systems far from stability.
